The Euler Identity – a Radial Mathematical Interpretation (2)

Introduction

As we have seen numbers can be defined in two distinct ways

· as quantities (with respect to a fixed unitary dimension).

· as qualities i.e. dimensions (with respect to a fixed unitary quantity)

Correspondingly, in actual experience we have:

· perceptions through which we can quantitatively identify distinct phenomena. These are implicitly defined with respect to a fixed conceptual background of form.

· concepts through which we qualitatively organise the overall relationship between phenomena. In other words through concepts we provide the dimensional background in space and time with which to interpret phenomena (with a concept again implicitly defined with respect to a fixed recognition of its corresponding perception).

For example to become (quantitatively) aware of an individual perception such as a window, one must implicitly be able to relate this to the general concept of 

“window”. 1 

Likewise from the other perspective, to become (qualitatively) aware of the holistic concept of window, one must implicitly relate this to a fixed perception of “a window”. 2 

Therefore in like manner to become (quantitatively) aware of an individual perception of a number, one must implicitly be able to relate this to the general concept of “number”. 

And from the alternative perspective, to become (qualitatively) aware of the holistic concept of number, one must implicitly relate this to a fixed perception of “a number”.

In this way the interaction of quantitative and qualitative aspects of experience is filtered through the corresponding interaction of perceptions and concepts.

So in this context the concept of number provides the dimensional framework for recognition of any actual number to take place in experience. 3 

Holistic Number Types and the Sub-levels of Development  

In my approach to development each major level of development - of which there are 12 in all - is comprised of three sub-levels (which overlap in varying degrees). Remarkably there is a clear direct link as between the sub-levels comprising each level and the number system.

The first sub-level (SL1) of each level (where perceptions are primarily developed) corresponds to number as quantity.

The second sub-level (SL2) where holistic concepts unfold corresponds – relatively - to number as quality (dimension). 

The third hybrid sub-level (SL3) involves the interaction of both perceptions and concepts preparing the way for the transformation to a more advanced level. 

This corresponds to the holistic notion of number as the interaction as between both quantitative and qualitative aspects.

We will now look briefly at these levels with respect to each of their corresponding sub-levels, linking them up in turn with the major number types.

Lower Levels

The Lower levels - starting from the lowest – are L3 (Lower 3), L2 (Lower 2) and L1 (Lower 1) respectively. 4 

L3 (Archaic) starts from a confused binary state i.e. where unity as the intrinsic holistic nature of form is indistinguishable from nothingness as emptiness.

The first task in development thereby is to dualistically separate form (1) from emptiness (0).

Though the sub-levels overlap here to a considerable degree, this entails with SL1 a first fleeting recognition of object phenomena (through the most basic perceptions). 

Then we have the corresponding dimensional recognition in SL2 of space and time (where experience no longer takes place in an immediate instantaneous fashion). This sub-level relates to the corresponding formation of the first concepts. Then as both of these aspects are combined in SL3 with the successful differentiation of the bodyself we move on to level 2.

Thus in holistic number terms the key transition here is movement from the purely confused binary recognition of 1 and 0 (i.e. where form is yet indistinguishable from emptiness) to earliest dualistic understanding of form (i.e. holistic recognition of 2).

This recognition relates quantitatively to the separate phenomena that arise in experience and also to a corresponding background qualitative (i.e. dimensional) recognition of events occurring in space and time. Then at the most advanced stage (sub-level 3) quantitative and qualitative aspects increasingly interact leading to transformation to a new level.

The second major level of L2 (Magical) is initially characterized by continuing confusion as between the quantitative (conscious) and dimensional (qualitative) aspects of phenomena. 

This for examples leads to the corresponding confusion of whole and part aspects of reality and the investing of phenomena with magical properties.  

Indeed this level of experience can be accurately characterised in terms of primitive instinctive behaviour that bears a close complementary relationship to the notion of prime numbers.

As is known a prime number has no factors other than itself and 1. Therefore it cannot be expressed in terms of higher order dimensional characteristics (i.e. as having two or more factors). 

So it is in the very nature of a prime number that qualitative and quantitative characteristics are clearly separated. In complementary fashion it is in the very nature of primitive (instinctive) behaviour that qualitative and quantitative characteristics are greatly confused with each other. 

Important prime numbers can be derived by a special recursive procedure starting with 2 as the first prime number.

Thus 22 -  1  = 3 (which is a prime number). 

Now when we switch 3 (as prime quantity) to 3 (as prime dimension) we get

23 -  1  = 7 (which is a prime number).

Again switching 7 (as prime quantity) to 7 (as prime dimension) we get

27 -  1  = 127 (which also is a prime number).

Switching prime quantity to prime dimension we once more get

2127 -  1  = 170141183460469231731687303715884105727 (which is another prime quantity)

It is tempting to speculate that if we once more switch prime quantity to prime dimension we would again generate a prime number quantity 

2170141183460469231731687303715884105727 -  1  (that would be incomparably greater than the largest prime yet verified!) 5 

Once again we can define three sub-levels (than in practice will considerably overlap with respect to L2).

With SL1, we can initially identify in conscious manner prime object phenomena (than are confused with unconscious dimensional recognition). In other words we have here – what is commonly referred to as – primitive instinctive behaviour.

Then we can identify at SL2 in conscious manner, prime dimensions (that are confused with unconscious recognition of object phenomena).

Finally at SL3, when both of these aspects increasingly interpenetrate in two-way fashion, the scene is set for a transformation to a higher level.

In psychological terms the culmination of L2 would be identified with the differentiation of the emotional self (where conscious and unconscious aspects of experience become properly distinguished from each other). 6 

The next major level L1 (Mythic) is associated with a growing ability to increasingly organise (stable) phenomena within a dimensional environment of space and time through the natural experience of phenomena.

This bears a close relationship with the nature of natural numbers.

Thus when one raises a prime number to a prime dimension e.g. 22, a natural number (that is not prime) is obtained. Thus strictly every (composite) number combines both quantitative and qualitative characteristics.

So 2 X 3 for example = 6. This has both a reduced quantitative value and also a dimensional characteristic (i.e. 2 factors). 7 

Again we can move through various sub-levels at L1 (which again in practice will overlap)

So initially at SL1, we become aware of natural object phenomena (through organization within space and time dimensions). 8 Then we become at SL2 more directly aware of the natural flow of such dimensions (within which objects are contained). 
Finally at SL3 the successful interaction of both aspects leads to a transformation to a new level.

One of the important skills that is especially developed during L1 is the ability to implicitly negate (as well as posit) object phenomena. This in turn becomes the means by which one can switch more readily as between phenomena (as object quantities) and phenomena (as qualitative dimensions).

Successful negation in this context enables the object to continue stably in existence (even when not immediately present in experience). So this ability of negation is very important in terms of obtaining a detached objective experience of the world.  

In psychological terms the culmination of L1 (mythic stage) entails the differentiation of the mental self (where subject and object become significantly detached from each other). In holistic mathematical terms this relates to the integers with the unfolding of the natural number paradigm (where natural objects and dimensions can be both posited and negated in experience). 9  
The increasing interaction of objects and dimensions (i.e. perceptions and concepts) then leads to a further remarkable transformation in understanding in the specialised rational experience of the (linear) middle levels.

Middle Levels

The previous level (L1) culminated with the ability to posit and negate to a growing extent both objects (perceptions) and dimensions (concepts) in experience.

This then entails that phenomena - that are posited as perceptions – are experienced against a qualitative dimensional background of space and time that can be negated (as well as posited in experience). This entails that one can now assent to the stable continuation of space and time in experience (even when not directly aware of its existence).

Put another way both perceptions and concepts now assume a more permanent lasting identity in experience. This in turn enables the mind to operate on these phenomena (perceptions and concepts) in an increasingly analytic manner.

In other words one can break up wholes in various ways (as parts) while maintaining the existence of the original wholes. In this way rational ability is increasingly enhanced.

Again there is a remarkable holistic mathematical explanation for such rational activity.

If one raises 2 to the number 1 (with the dimension now expressed as negative) we get 

2-1. which is equal to ½.

In other words through raising the number to the negative power (or dimension) one generates a rational fraction.

In the same manner in psychological experience, when one can experience in negative - as well as positive - dimensions (which entails the formulation of abstract concepts) then rational analytic understanding becomes increasingly possible.

This in effect requires the ability to properly separate perceptions and concepts in experience. Thus when one posits perceptions the corresponding concepts are thereby negated. Likewise when the concepts are posited the corresponding perceptions are negated.

Again we can envisage three major levels with respect to such rational ability.

With the first of the middle levels L0 (concrete) - often referred to as concrete operational - concept development is still somewhat superficial. Thus rational ability is largely confined to the empirical ability to operate on object phenomena within a local dimensional context.

With the second of the middle levels L0, H0 (formal) or formal operational, where conceptual ability greatly advances, one can now operate on the dimensions of experience analyzing situations in a more abstract universal fashion.

The dimensions of experience now become fractional. This in turn represents the ability to operate on concepts in an increasingly abstract fashion (breaking them up in an analytical manner).

Then with the third of these levels H0 (vision logic), the ability to flexibly switch as between objects and dimensions grows enabling the ability to operate on vast networks of ideas.

We can again distinguish sub-levels within each of these levels.

With SL1 of L0, one is able to operate on object quantities i.e. perceptions in a local setting without a corresponding dimensional framework (i.e. concepts) being properly developed. 

With SL2 one can now increasingly operate on the dimensional framework (i.e. concepts) while still remaining in a local setting.

With SL3 the ability to detach from both local objects and dimensions is developed.

Then - as a result of such growing abstraction - at SL1 of the next level (L0, H0) one can increasingly operate on more general perceptions. 10 
At SL2 then the ability switches to more abstract general concepts, while at SL3 the combined interaction of such perceptions and concepts takes place.

With SL1 at H0 (vision-logic) because of growing detachment from rigid perceptions and concepts a more flexibly based interaction can take place facilitating perhaps the vast networking of different perceptions.

At SL2 this ability takes a more conceptual turn facilitating the theoretical underpinning of such networking ability. 11

Then the combined interaction at SL3 of such objects (perceptions) and dimensions (concepts) once again this leads to a decisive transformation with a remarkable holistic mathematical rationale.

As we have seen the middle levels facilitate the analytic break up of both objects and dimensions (i.e. literally as rational fractions). Indeed one of the criticisms that is commonly made of the modern rational scientific approach to life is that it leads to too much fragmentation (where an overall spiritual intuitive sense of meaning is lost).

More correctly this problem arises from the reduced understanding of objects and dimensions (where qualitative are not properly distinguished from quantitative characteristics).

Higher Levels

However when the qualitative distinction of dimensions is properly maintained another incredible transformation in understanding takes place.

In other words when object phenomena are properly interpreted in the context of fractional dimensions they literally become irrational.

Perhaps the best known irrational number is the square root of 2.

Now the square root of 2 can be written as 21/2. So by raising a rational number to a fractional dimension we generate an irrational number. 12 

In like manner in psychological terms when one can maintain the qualitative distinction of (rational) concepts from that of perceptions, a transformation takes place in understanding whereby understanding becomes irrational.

What this means is that interpretation of phenomena now becomes paradoxical when contrasted with the either/or logic that defines the middle levels.

Just as the square root of 2 has both positive and negative answers (in terms of one-dimensional understanding) likewise all relationships have complementary explanations that are positive and negative with respect to each other in terms of the two-dimensional understanding that defines the first of the higher levels H1 (the subtle realm). In other words the dualistic interpretation of opposites – as separate - now begins to break down 

So at SL1, the (algebraic) irrational interpretation of phenomena (as perceptions) relates to complementary two-way appreciation of all empirical phenomena.

In other words we now longer have absolute distinction as between object and subject but merely a relative distinction that is arbitrary depending on perspective. 13 

Likewise at SL2, the (algebraic) irrational interpretation of qualitative phenomena (as dimensions) relates to complementary two-way appreciation of all conceptual relationships. 14 

Once again at SL3, the most advanced sub-level of H1 the two-way spiritually refined paradoxical interplay of both perceptions and concepts unfolds leading to another noteworthy transformation.

At H1 one understands the world in terms of both paradoxical perceptions and concepts i.e. interpretations that are irrational both in quantitative and qualitative (dimensional) terms. 15  
Again the earlier sub-level entails the specialized developed of paradoxical perceptual awareness; the second then entails the specialization of a more universal subtle conceptual kind; the third then entails the growing interaction of both earlier phases.

Once more we now have a transformation to a new kind of awareness that is replicated in holistic number terms.

Earlier in the last century Hilbert posed as one of his greatest unsolved mathematical problems the proof that 2 raised to the square root of 2 is a transcendental number. 

This entails raising a rational number to an irrational dimension.

Gelfond’s theorem has since proven that any rational or irrational number raised to an irrational power is transcendental.

In like manner when one properly consolidates experiences of phenomena in irrational dimensions (entailing paradoxical awareness of a refined conceptual kind) a new type of awareness emerges that is transcendental in holistic mathematical terms.

If we look at the most famous transcendental number ( it shows the relationship between the line and the circle.

Likewise in holistic terms transcendental understanding entails a very subtle relationship as between linear and circular understanding, which relates to H2 (causal) type awareness.

In psychological terms therefore one attempts to reconcile linear with circular understanding. What this entails is the growing freedom of attachment from the phenomenal identification of symbols with either (separate) type of understanding.

Again we can portray this understanding going through three sub-levels 

At the SL1 the very subtle interplay as between both types of understanding would be confined more to perceptual understanding. 

Then at SL2 a specialized formless non-dimensional appreciation would emerge representing the deeply refined appreciation of universal type concepts (largely empty of specific content). 

At SL3 the interplay of both would be facilitated in a more purely empty spiritual contemplative experience.

The final level H3 (nondual) eventually entails the pure reconciliation of line and circle.

Here both converge to a singular non-dimensional point that is central to both. If we can imagine the circle and its line diameter gradually shrinking, when both have contracted to a non-dimensional point the line would no longer be distinguishable from the circle.

Then in this experience of pure emptiness the entire world of transparent form is newly created (free of possessive attachment)

As with all the other major levels we have an associated fascinating holistic mathematical transformation, which is directly related to the Euler Identity.

H1 entailed – in holistic mathematical terms - irrational objects and dimensions. H2 then entailed the even more subtle appreciation of transcendental objects and dimensions.

Though these transcendental phenomena were still interpreted in relative (conscious) terms, as development proceeds it becomes no longer possible to clearly distinguish real (conscious) from imaginary (unconscious) understanding. 

So the culmination of understanding entails the ability to appreciate - in a very refined manner - transcendental dimensions that are interpreted in imaginary terms i.e. as the indirect expression of the unconscious.

Understanding now becomes so purely spiritual that it approaches the state where it no longer can be appreciated as (distinct) form. 

In other words when phenomena are interpreted in terms of the extraordinary subtle relationship of linear (conscious) and circular (unconscious) understanding - through short-lived indirect (conscious) projections of the unconscious - then one is as close as possible in phenomenal terms to purely formless intuitive understanding.

In mathematical terms we now have the special holistic expression of the Euler Identity. Here e represents the pure refinement of human spiritual growth, where differentiation is indistinguishable from integration and takes place in an empty dimensional framework (with the circle now purely imaginary as a point).

And this experience of emptiness (i.e. holistic nothingness) then coincides with the rebirth of the entire world of form (i.e. holistic oneness).

So we started development with the confused expression of nothingness and oneness. Now development culminates with the corresponding purely refined experience of nothingness and oneness.

i.e. e0 = 1. So the circle is completed.

Holistic Extension of Euler Identity

As we have seen in part 1 associated with the Euler Identity is a unique qualitative number system.

So e2(i = e0 = 11
With this basic relationship, we then use the Euler Identity to express every number in the qualitative system. We do this by multiplying the exponent of e, i.e. 2(i, with the desired number in the dimensional (i.e. qualitative) number system.

So for example e2(i  = 11   = cos 2(  + i sin 2(  = 1

e2(i/2  = e(i    = 11/2   = cos (  + i sin (  = - 1, and

e2(i/4  = e(i/2    = 11/4   = cos (/2  + i sin (/2  = i

e2(i/8  = e(i/4    = 11/8   = cos (/4  + i sin (/4  = 1/√2(1 + i)

As stated in the first article, corresponding to the values of these fractional dimensions of 1 are corresponding holistic psychological interpretations.

The holistic interpretation in these cases is represented by the whole number dimension (i.e. as the reciprocal of the corresponding fraction).

Thus linear understanding in holistic terms is one-dimensional. This corresponds to the default dimensional value of 1. Here absolute unambiguous distinctions are made where - for example - positive is clearly separated from negative.

However with two-dimensional understanding what is positive in linear terms is now also negative leading to a more subtle paradoxical interpretation of relationships based on the complementarity of opposites. In other words what is positive in terms of one reference frame is equally negative when seen from the opposite frame.

For example on a street, if one walks in one direction, left and right turns have a clear meaning. Likewise when one walks along the street in the opposite direction, left and right turns have clear meanings. However in terms of both reference frames taken simultaneously right and left (and left and right) have a purely arbitrary interpretation.

So this is the nature of two-dimensional understanding, which simultaneously combines arbitrary reference frames in conscious (i.e. real) terms. Again in linear (one-dimensional) understanding these are sequentially separated. 

With four-dimensional understanding we have another significant transformation.

Both one dimensional and two-dimensional levels are interpreted at the real level (of conscious distinction). However at H2 (which in structural terms is four-dimensional) one can clearly distinguish imaginary from real understanding.

Once more, whereas real understanding is directly conscious, imaginary understanding arises as the indirect conscious expression of what is inherently unconscious (and generally enters experience through projection).

All phenomenal interpretation now has both a conscious and unconscious significance.

So what was seen as real (in terms of two-dimensional understanding) is now seen as also imaginary (in a four-dimensional context).

In other words because conscious and unconscious now operate in a increasingly refined manner, they are interpreted as interdependent with both real and imaginary now having a relative meaning (again depending on context).

Eight dimensional understanding (which develops at H3) is the most refined form of integral understanding and closest to pure ineffable spiritual understanding.

Conscious and unconscious now become so closely related in experience that they are no longer distinguishable. So phenomena do not even seem to arise in experience. So what fleetingly remains in phenomenal terms is now seen as neither conscious nor unconscious (separately) but rather simultaneously as both conscious and unconscious. This is expressed by 1/√2(1 + i). With the magnitudes of both real and imaginary aspects equal in analytic terms, we have the corresponding holistic interpretation where both the real (conscious) and imaginary (unconscious) aspects of experience are fully harmonized.

Interestingly in geometric terms this would be represented by a diagonal line from the centre of the circle as a null line = 0.

Thus we have here the identity of refined (phenomenal) form, that no longer even appears to arise in experience and (spiritual) emptiness.

However corresponding to all fractional values is a corresponding holistic dimensional interpretation.

In most cases e.g. as with prime numbers other than 2, this interpretation entails both symmetrical (integral) and asymmetrical (differentiated) aspects. 

So once again – using the 1st, 2nd, 4th and 8th roots of unity to illustrate - 

e2(i                     = 11    = 1
e2(i/2  = e(i    = 11/2   = -1
e2(i/4  = e(i/2    = 11/4   = i
e2(i/8  = e(i/4    = 11/8  = 1/√2(1 + i)

Note that in terms of dimensions these are listed as fractions (i.e. the reciprocals of the corresponding roots). 
The complementary holistic form of integral interpretation relates to the corresponding whole powers (or dimensions) of unity i.e. 1, 2, 4 and 8 (which are the reciprocals of the corresponding roots). 

Thus
e2(i       = 11   =   1
e(2(i)2  = e4(i    = 12   
e(2(i)4  = e8(i    = 14   
e(2(i)8  = e16(i    = 18  

From a reduced analytical perspective (i.e. where the interpretation is in conventional linear one-dimensional terms) the value of 1 raised to any power = 1.
However from a holistic mathematical perspective it is very different.
Thus a (holistic) two-dimensional interpretation is based on the complementarity of opposite poles (that are positive and negative with respect to each other). In other words we have here the switching between two frames of reference that are opposite in terms of each other.

A (holistic) four-dimensional interpretation is likewise based on the complementarity of opposite poles (that are positive and negative with respect to each other). In other words we have here the switching between frames of reference that are opposite in terms of each other (in both real and imaginary terms).

A (holistic) eight-dimensional interpretation is once again based on the complementarity of opposite poles (that are positive and negative with respect to each other). In other words we have here the switching between frames of reference that are opposite in terms of each other (in real, imaginary and complex terms).

Ox-Herding Pictures and Euler Identity  

In illustrating the important holistic implications of the (fundamental) Euler Identity we can draw striking parallels with the spiritual quest as for example illustrated by the 10 ancient Ox-herding pictures.

These pictures are designed to represent the stages of phenomenal illusion that must be negated before ultimate unity with spiritual reality can take place. 

The spiritual goal, which initially appears separate from the unenlightened ego is represented by the ox. This ox must be found and then tamed (so that Spirit is experienced as identical with one’s true self).   

Of special holistic significance in this context are pictures 7 and 8. In picture 7 the ox is forgotten leaving the man alone. In other words in the realization of Spirit, subject-object duality is transcended to such a degree that the (self-conscious) search for Spirit is no longer necessary.

However self-conscious awareness still remains due to a subtle duality, which still separates (spiritual) emptiness from the world of phenomenal form.

Put another way, in identifying ultimate meaning with the (intensive) non-dimensional point of being (where phenomenal identification ceases) one thereby to a degree remains attached to the aspect of emptiness (as opposed to form).

So the next stage requires moving towards a more (extensive) notion of spiritual emptiness where it expands so as to be everywhere the source of the (recreated) world of form.  

This is depicted by Picture 8, with both the man and the ox now out of sight. Any remaining self-conscious attachment to emptiness as being superior to its complementary aspect of form is now eradicated. In other words with remaining (selfish) ego dissolved, one is now longer consciously aware - which would imply duality - of having attained spiritual realization. This stage is then “represented” in one of two ways (a) as a complete blank indicating that no form of phenomenal identification is now adequate or (b) by an empty circle – which literally represents the symbol of zero (or nothingness). 16
It has occurred to me that these two stages in fact holistically correspond directly in turn to two representations of the (fundamental) Euler Identity.

Whereas the standard representation i.e. e2(i    = 11, strictly speaking we require a distinct formulation to get a corresponding expression for 10.

Before the world can be recreated as (phenomenal) form - which holistically is represented as 11 with matter interpreted in a linear manner - it must be also be experienced as pure emptiness (i.e. as the pure non-dimensional spiritual source of matter).   

Even though 2(i = 0, represents the empty circle (that has contracted to a non-dimensional point without phenomenon), it still only has meaning through indirect reference to this localized circle.

In other words it does not yet embrace the opposite expansive notion of the unbounded infinite circle, that exists everywhere in creation (as pure potential for existence).

Therefore to combine both intensive and extensive meanings of 0 as non-dimensionality we must also employ the negative – as well as positive phenomenal representation of the dimension 0. 

So e-2(i = 1/e2(i  = 11/11;

Thus  e-2(i  =  10

So we really have two forms of the (fundamental) Euler Identity

eix = cos x + i sin x; and

e-ix = cos x – i sin x;

When x = 2(
e2(i = 11; and

e-2(i = 10   

In this way, we can establish a direct relationship between the subtle transition to spiritual union on the one hand and two related versions of the (fundamental) Euler identity (when given its appropriate holistic interpretation).

Indeed these unexpected links between the Euler Identity and the most advanced stages of spiritual contemplative awareness, have since led me led to a slight reclassification with respect to the stages of development.

In my earlier classification I identified the “highest” stage of contemplative awareness (i.e. nondual) reality as H3 and then the following stage (the commencement of experience where activity and contemplation are truly combined in a selfless integrated manner) as R1.

However there are really two stages that precede R1.

So we could take H3 (strictly the transition from H2 to H3) to represent no. 7 of the ox-herding pictures (where the ox has vanished but the self remains). In other words - because this stage is so strongly contemplative - there still tends to be a slight imbalance in the experiential relationship as between form and emptiness (with emptiness to a degree still affirmed at the expense of form).

In holistic mathematical terms this corresponds to the first version of the (fundamental) Euler Identity; 17

e2(i = 11   

This would then be followed by a second stage (which in truth is a continuation of the previous stage) where this imbalance is rectified. In other words one here negates any remaining (undue) attachment to emptiness. I will now refer to this stage as R0 (strictly the transition from H3 to R0). 18  It represents in turn the transition from awareness of pure Spirit as emptiness to the more balanced awareness of pure Spirit as both emptiness and also as the potential source of the entire world of form. 

Put another way we have here the movement from pure awareness of the transcendent aspect of Spirit to an awareness that is both transcendent and immanent.   

This corresponds to the second version of this Euler Identity, 

i.e. e-2(i = 10 

The 9th of the ox-herding pictures relates to the return to the source (i.e. the ability to see the spirit as the source of all natural phenomena). This would relate well to what I refer to as R1, which is the most general of the radial stages (still closer to contemplation than activity). 19
The 10th and final picture relates to the return to the marketplace which through the selfless combination of activity and contemplation in the service of others.

This would relate to R2 and R3 in my approach.

Holistic Explanation of why the value of Ii  is Real

The (conventional) analytic explanation is derived easily from the (fundamental) Euler formula. 

Since e2(i = 11   

Then (e2(i)i  = 1i  

i.e. e-2(  = 1i

Therefore e-2(/4  =  e-(/2  =  1i/4

Since 1i/4  = (11/4)i  and  11/4  = i
Then 1i/4 = i i

So i i  = e-(/2   = .2078795764…  (which is a real number).

In fact in conventional interpretation there are an infinite no. of possible real numerical values for i i with i i  = e-(/2   = .2078795764… referred to as the principle value.

Since here, e2(i = 1, then e2k(i  = 1, for k = 0. 1, 2, 3 …..n.  
Therefore i =  e(i/2  =  e(i/2  * e2k(i  =  e(i/2 + 2k(i  

Thus i i  = e-(/2 - 2k(    

So i i  = e-(/2   = .2078795764… - which is the default value when k = 0 - is the principle value.

However, when for example k = 1, we get a different value for i i.

Here  i i =  e-(/2 - 2(  = e- 5(/2 = (e-(/2)5  = (.207895764)5  = .000388354…

And since k can take on any natural number ≥ 0, then according to this logic there exists an infinite set of real values for i i.

However this represents a merely reduced manner of looking at the situation arising from the failure to recognize the uniquely distinct nature of the (qualitative) vertical number system (relating directly to dimensional values). 

So appropriately interpreted e2(i = 11;  thus e2k(i  = 1k where k = 0, 1, 2, 3… n.

Therefore when k = 1,

e-(/2 - 2(  = 1i/4 * 1i  = 15i/4

Thus correctly speaking i i  = 1i/4 =  .2078795764…

However the second value actually corresponds to 15i/4  = (i i )5  = .000388354…

So far from all these distinct values relating to i i , they in fact relate to distinct imaginary values in the vertical number system.

Thus the failure to properly recognize the (qualitative) vertical system (where number is directly defined in dimensional terms) leads to two related problems.

1) Where the dimension is real (with respect to the vertical number system) it leads to a merely reduced interpretation of dimension where 0 = 1 = 2 = 3 =…..n. Thus a potentially infinite set of (qualitative) dimensional results is given just one reduced quantitative interpretation.

In other words in this (reduced) merely quantitative interpretation,

10 = 11 = 12 = 13 =…….1n.     

2) Where the dimension is imaginary, it again leads in complementary fashion to a merely reduced quantitative interpretation, where now each unique qualitative dimension is misleadingly identified with an infinite set of quantitative values e.g. in the mistaken belief that i i  can be given many unique real numerical values.  

So the holistic explanation carries deep philosophical implications for the true relationship as between the (horizontal) number system that represents quantity on the one hand and the alternative (vertical) number system representing quality (i.e. dimension) on the other.

As we have seen the (horizontal) quantitative number system is defined in terms of a fixed dimensional characteristic of 1.

So here for example the natural numbers 1, 2 and 3 (directly representing quantities) are strictly expressed with respect to the default 1st dimension, i.e. 11, 21 and 31 respectively.

By contrast the (vertical) qualitative number system is defined in terms of a fixed quantitative characteristic of 1.

Here the natural numbers 1, 2 and 3 (directly representing powers or dimensions) are strictly expressed with respect to the default unit quantity, i.e. 11, 12 and 13 respectively.

The crucial link between the two systems is the recognition that what is linear (in terms of one system) is circular (when expressed in terms of the alternative number system).

Likewise what is circular in terms of one is linear in terms of the alternative system.

And because i is a number on the circle (of unit radius) this in turn establishes a direct connection here as between what is imaginary (with respect to the circular system) and real (with respect to the linear).

Likewise it establishes in reverse a direct connection between what is imaginary (with respect to the linear) and what is real (with respect to the circular system).   

So when the unit quantity is raised to an imaginary power or dimension, it represents an imaginary number (in the vertical system).

Therefore when we express such a number through the horizontal system it is represented in real terms.

Because i i  = 1i/4, it represents an imaginary number dimension in the vertical system (where the dimension is now a quarter of the default imaginary value).

Therefore it can equally be expressed as a real number quantity in the horizontal system.

This finding thereby represents but a specific example of a more general phenomenon for - by definition – any imaginary number in the vertical system (as dimension) can be expressed as a real number quantity in the horizontal system.

Interestingly it can be easily shown for example that 1 i/-2( = e.

Alternatively of course in reverse format e (i.e. e1) = 1 i/-2(. 

In fact any real number quantity (in the horizontal system) can be equally expressed as an imaginary number dimension (in the vertical system).

If n is any real no. > 0,

Then n = 1-i/x   = e-2(/x,
where x = -2(/(log n).

Thus n = 1-i(log n)/2(   

For example if n = 2 (i.e. 21)

Then 2 =  1-i(log 2)/2(    

=  1-.1103178i    

So we have demonstrated how the real number quantity 2 (in the horizontal system) has a corresponding expression as an imaginary dimension i.e. -.1103178i (in the vertical system).

When n is < 0

Then n = - 1-i(log n)/2( 

 So if for example n = - 2 (i.e. - 21),

Then –2 = - 1-.1103178i    

Thus there are very close connections as between the conversion between real and imaginary format (with respect to both number systems) and the corresponding conversion as between linear (where real numbers are represented on a straight line number scale) and circular format (where numbers lie as points on the circle of unit radius in the complex plane).

Real and Imaginary Conversions: Dynamic Psychological and Physical Significance

In psychological terms, actual experience entails a continual interaction as between conscious and unconscious aspects. And we have already seen in Part 1 how the indirect conscious expression of the unconscious aspect is precisely imaginary in this holistic sense.

Therefore whenever one experiences a real (i.e. conscious) perception, its corresponding concept remains unconscious. The holistic concept is then projected into experience in an indirect conscious manner. So the projected concept is precisely imaginary in this sense!

For example if one is consciously aware of a real perception such as “a window”, the holistic concept of “window” must be equally present in experience in imaginary fashion (as a projection from the unconscious).

However the very nature of experience entails that consciousness keeps switching from perceptions to concepts (and vice versa).

So when the concept of “window” is actualized in experience in a real (conscious) manner, the corresponding perception is now rendered unconscious whereby it is likewise projected in an imaginary fashion.

The same dynamics apply of course to numbers.

Thus again if one is consciously aware of a real perception of “a number”, the holistic concept of “number” must be equally present in experience in imaginary fashion (as a projection from the unconscious).

Likewise when the concept of “number” is actualized in experience in a real (conscious) manner, the corresponding perception of “a number” is now rendered unconscious whereby it is also projected in an imaginary fashion.

So from a holistic mathematical perspective, perceptions have both real and imaginary aspects.

The real aspect directly relates to the conscious recognition of the perception as a distinct object phenomenon (i.e. its quantitative existence).

The imaginary aspect relates to the unconscious recognition of the perception as related to all other perceptions within its class (i.e. its qualitative existence). 

Concepts also have both real and imaginary aspects.

The real aspect again relates directly to the conscious recognition of the concept as a distinct object dimension (that relates to all perceptions within its class). This is the actual or (reduced) rational existence. 

The imaginary aspect relates to the intuitive (holistic) unconscious recognition of the concept as directly qualitative in potentially relating to all such perceptions. 

Because conventional mathematics solely recognises (in formal terms) the real aspect of perceptions and concepts, it offers a reduced interpretation of relationships.

Thus a general “proof” in mathematics is assumed to apply to all (actual) cases within its domain.

So for example the Pythagorean Theorem, that in any right an angled triangle the square on the hypotenuse equals the sum of squares on the other two sides, is assumed to apply in any particular case.

However the general proof is - properly understood - potentially infinite whereas a particular example is actually finite. 

So the application of a proof in conventional mathematics (as absolutely valid) entails a basic form of reductionism (i.e. where what is potential and infinite is in effect reduced to what is actual and finite).

In other words – in relation to interpretation – the imaginary aspect of understanding (which is directly unconscious in origin) is reduced to the real aspect (that is directly conscious).

In the end we can only solve this dilemma by properly incorporating the holistic (imaginary) aspect in interpretation.

Thus the appropriate metaparadigm for a comprehensive understanding of mathematics - radial in my terminology - is necessarily complex (with both real and imaginary aspects). In other words it entails both analytic and holistic forms of interpretation, which are mutually interdependent. 

Put another way in entails the interaction of both rational and intuitive processes of understanding (that are both explicitly recognised in interpretation).

Though the importance of intuition is implicitly recognized in conventional mathematical terms – explicitly - interpretation is conducted solely in a rational manner.

In this sense only a reduced interpretation of mathematical relationships can be given.

Though it is true that the intuitive (unconscious) aspect cannot be directly grasped, indirectly it can be translated in an imaginary rational manner that pertains to the use of a distinct logical system of understanding. 

Though we have discussed the dynamics of experience here largely from a psychological perspective, these equally apply to physical reality.

One way of appreciating this point is in terms of complementarity with every psychological relationship having a mirror image opposite that is physical. 

However these relationships will not seem apparent in terms of conventional physical understanding which is based on the linear understanding of the middle levels.

However it still can indirectly enter physics where the paradoxical type relationships (in terms of middle level understanding) of sub-atomic reality arise.

So a coherent philosophical interpretation of the “lower” sub-atomic levels of reality requires the complementary “higher” level understanding associated with the more advanced levels (where paradox is an intrinsic aspect of such understanding).

In particular virtual particles in physics correspond directly to the imaginary manifestation of matter. Such particles therefore are but a short-lived projection or manifestation of the fundamental holistic ground of matter (that complements the unconscious in psychological terms).

So corresponding to the real (conscious) and imaginary (unconscious) aspects of psychological reality are complementary real and imaginary aspects of physical reality.

Once again this imaginary (holistic) aspect of physical reality remains formally unrecognised in conventional scientific interpretation as it is geared merely for analysis of the more permanent real aspects (associated with mere conscious observation).  

Notes
1. In actual experience a continual switch takes place as between the cognitive (rational) and affective (emotional) appreciation of perceptions and concepts respectively. This in turn is the means through switch switching as between conscious and unconscious takes place.

Thus if one attempts for example to obtain an exclusively cognitive interpretation of phenomena, as with conventional mathematical understanding, this sets severe limits to the degree of interaction that can take place as between conscious and unconscious (though the situation could be eased somewhat through implicit involvement of the affective aspect). This entails in turn that such an approach inevitably leads to a somewhat rigid and absolute type understanding of relationships (where unconscious dynamics are formally screened out from understanding). 

2. Using the conventional mathematical interpretation of numbers to illustrate, considerable reductionism is evident in its manner of interpretation.

Strictly speaking if we interpret the perception of a specific number – say “2” – in (actual) quantitative terms, then the corresponding concept (or dimension) of number is – relatively qualitative in this context representing the (infinite) potential for number existence. In other words the concept of “number” here in applying to “any” number, which has a potentially infinite scope. However once a specific number is actualised as a distinct perception, it thereby becomes finite. So strictly speaking the understanding of the perception of a specific number and general concept of number relate to distinct modes of understanding that are rational (conscious) and intuitive (unconscious) with respect to each other.

However in conventional mathematics the formal interpretation of this relationship is strictly rational. In other words the concept of number is directly associated with number perceptions within its class. In other words the concept of number is interpreted as actually applying to every number perception with which it is related. So in effect the infinite aspect of the concept is reduced in finite terms.

3. The dynamic relationship between the general concept of “number” and the perception of a specific number (as with all perceptions and corresponding concepts) is bi-directional and very subtle.

So if we start with the actual conscious perception of “a number” as real, then the corresponding potential general concept of “number” is - relatively - imaginary. This directly corresponds to (unconscious) intuitive recognition of the concept as potentially infinite (which is then indirectly translated in a rational manner).

So the imaginary aspect of recognition relates to the indirect translation of what is strictly intuitive (and unconscious) in a rational manner. 

Put another way when the actual (conscious) recognition of “a number” is quantitative, the corresponding potential unconscious recognition of the general class (i.e. dimension) of “number” is qualitative. And these two types of recognition are real and imaginary with respect to each other.

However the perception of “a number” can equally be given a potential qualitative interpretation with the concept of “number” now being actualized in quantitative terms.

So the qualitative interpretation of the perception of “a number” relates to the intuitive recognition of its general relationship with all other numbers.

In this context the quantitative interpretation of the concept of “number” relates to the rational recognition of its application to all perceptions of numbers.

Thus both perceptions and concepts have real and imaginary aspects, which keep switching in experience. This relates to the fact that both rational (conscious) and intuitive (unconscious) processes of understanding apply to both perceptions and concepts.

It is too facile therefore to suggest that perceptions are quantitative and concepts qualitative. Again both perceptions and concepts have both quantitative and qualitative aspects that keep switching in experience.

So, for example in any given arbitrary context if one aspect is quantitative, then the other is - relatively - qualitative. 

4. Each level is defined in both a linear (asymmetrical) and circular (complementary) fashion. In actual development both of these aspects can be defined in various ways relating to diverse range of possible experience with respect to these levels.

In a linear context each level is defined in an ascending hierarchical fashion with L3 the lowest and R3 the highest respectively.

However in a circular context, each (lower) is complementary with a corresponding (higher) level with the lower representing the confused and the higher representing the mature experience of what are - in holistic mathematical terms – similar structures.

So for example L1 (mythic) and H1 (subtle) are complementary in this fashion.       

5. In dynamic interactive terms the original relationship between form and emptiness can be expressed in holistic binary fashion as 

1 – 1 = 0

In other words the full dynamic negation of form (as oneness) results in the experience of emptiness (as nothingness in phenomenal terms).

Prime number behaviour – in analytic and holistic terms – seems to be associated with the gradual positing of more complicated prime (or primitive forms) combined with continued negation of unitary form.

Thus when we multiply combinations of prime numbers starting with 2 (to obtain highly composite aggregates) and then subtract 1 we tend to generate prime numbers (though the process is not absolute).

So (2 X 3) – 1 = 5 is prime; 

(2 X 2 X 3) – 1 = 11;

(2 X 3 X 3) – 1 = 17 is prime;

(2 X 2 X 2 X 3) – 1 = 23 is prime

However (2 X 2 X 3 X 3) – 1 = 35 = (5 x 7) which is not prime

So the pattern of generating primes in this manner breaks down. However even here there will be a tendency towards primality in that the resulting composite number will have few factors.

Sp prime numbers (with no factors) seem most closely related with highly composite numbers starting with 2 (combining many factors) through the subtraction of 1.

The most fascinating example of this pattern is exemplified by the Mersenne primes. Indeed many of the largest primes discovered have in fact been Mersenne primes.

Even when 2n – 1 is not prime (with n = a positive integer), it will tend towards primality (with few factors).   

In holistic terms what this implies is that natural phenomena (that are observable) result from the combination of prime elements (that are not directly observable).

Thus the appearances of phenomenal nature gradually arise as the pure pattern of primality in nature gradually breaks down through successive interactions of such (primitive) structures.     

6. The differentiation here would still be of a partial nature with a degree of confusion still remaining. Indeed strictly speaking structures are never likely to become fully differentiated in experience with primitive elements from the unconscious always intruding to some extent.

7. Again we can illustrate this qualitative distinction in geometrical terms. 

For example 3 which is prime can be represented in one-dimensional terms (as a number on a straight line). 

However 6 = 3 X 2 – which is composite – should be correctly represented in two-dimensional terms as a square with sides 3 and 2 respectively. 

Thus qualitatively all prime numbers are one-dimensional in this sense the other composite natural numbers have more than one dimension. 

8. As a child learns to better organize (perceptual) objects within (conceptual) dimensions, these phenomena gradually lose their magical properties (which are due to the direct confusion of objects with dimensions).  

9. It is important however to state that this ability to negate at this stage is of an implicit – rather than an explicit – nature. In other words it does not enter one’s formal interpretation of events.

So the implicit negation at this stage enables one to preserve the stable nature of phenomena in experience whereby they can be appreciated as (integral) wholes. 

It is only with higher level development that one can become sufficiently detached to be able to interpret the true dynamic nature of phenomenal interaction which entails both (conscious) positing and (unconscious) negation. 

10. For example this emerging ability – at the first sub-level of L0,H0 - would enable one to carry out a conversation in more general terms regarding the state of the economy. So one would develop the facility to use more generalized empirical perceptions (such as “the economy”) which are now largely empty of specific content. However one would not yet have developed the capacity to form a more generalized theoretical understanding of economic issues which would be related to the next sub-level (SL1). 

11. Because this vision-logic stage is characterised by the increasing mature interaction of both perceptions and concepts, it generally is associated with a significant spiritual intuitive element that facilitates the creative organisation of both (empirical) facts and (theoretical) constructs. However this intuition is not yet of sufficient depth to significantly transform the linear assumptions on which conventional analytical understanding is based.  

12. This is true of any irreducible whole number expression that cannot be more simply expressed in a rational linear form.

So 42  is not irrational because - as 4 = 22 - it can be expressed more simply as 2 (i.e. 21).

13. To illustrate this point it should be instructive to consider that until we define direction, right and left turns on a road have an ambiguous interpretation.

Thus what is right as defined from an approach from one direction is left in terms of the opposite approach; likewise what is left in terms of the former approach is right in terms of the latter. 

Now in terms of the linear one-dimensional approach we must fix the direction allowing one to unambiguously define right and left. However there are two possible ways of doing this!

In terms of the two-dimensional approach both possible directions are simultaneously related. So what is right in terms of one frame is left in terms of the other; likewise what is left in terms of one is right in terms of the other.  

So paradox necessarily arises with every positive having an alternative negative interpretation.

So in terms of one-dimensional logic a turn is either right or left (positive or negative). Here alternative reference frames (for defining direction) are sequentially separated. In terms of two-dimensional logic a turn is both right and left. Here alternative reference frames are simultaneously combined. 

So the analytic interpretation of a square root in (conventional) mathematics has either a positive or negative interpretation. 

However the holistic interpretation of the corresponding complementary power (i.e. square) has both a positive and negative interpretation.

So 12  for example is qualitatively distinct from 11.

However we only qualitatively preserve this distinction through using a two-dimensional logic (based on the complementarity of opposite poles).

14. Hegel is a good example of a philosopher who explicitly used two-dimensional understanding at a formal theoretical level.

15. Once again irrational in this context has a well-defined holistic mathematical circular (two-dimensional) interpretation as the complementarity of opposite poles (positive and negative), which would be clearly separated at the linear (one-dimensional) rational level. So in terms of linear, circular logic is irrational (i.e. paradoxical) in this sense.  

16. The symbol of zero is in practice represented in the slightly elongated circular form “0”. It is thereby clearly distinguished from the letter “O” (which maintains the unmodified symbol of the circle). However the original meaning of zero is related directly to the symbol of the circle. Even now in some contexts, the circle is maintained. For example in the game of noughts and crosses, the noughts are generally represented by (unmodified) circular symbols. Also I have noted that that the famous address 10, Downing St. (home of the British Prime Minister) uses a somewhat unmodified circular symbol (O) to represent the 0. 

17. It might appear strange that the undue attachment to emptiness should be directly related to linear form as implied by the first version of the (fundamental) Euler Identity,

e2(i = 11   

However it has to be remembered that such attachment to emptiness (at the holistic level of spiritual contemplation) will be necessarily associated with an undue attachment to phenomenal form (at the analytical level of worldly activity).

In other words the problem at the earlier stage is that – with so much intuitive energy directed towards the contemplative aspect, insufficient intuition is available to freely sustain practical analytic type activity.

So the rational linear notion of form (represented by 11) must become properly balanced with the intuitive non-dimensional notion of form (represented by 10). And this becomes possible through the negation of undue attachment to human growth as the attainment of spiritual emptiness i.e.

e-2(i  =  10 

In other words with (empty) intuition and (linear) reason operating in appropriate balance, one can then engage more freely in practical affairs.  

18. This would complement in mature form earliest infant development where starting from a position where the world of form is completely confused with (spiritual) emptiness, the infant gradually distinguishes the first separate experience of form (from emptiness). So now in reverse fashion, one moves from the lingering separation of emptiness from form to their balanced integration (free of ego attachment). 

19. The treatment of radial development here is consistent with the highly contemplative approach to life (without corresponding practical development).  

However another form of radial development – which is perhaps more common – starts from considerable immersion in worldly affairs (without corresponding contemplative development). So in the former case the radial task is to integrate more successfully active involvement with spiritual contemplation. In the latter case the task is to better integrate contemplative awareness with practical activities.    
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